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Abstract 
In this study, we develop a multilane first-order traffic flow model for freeway networks. In the model, lane changing is 
considered as a stochastic behavior that can decrease an individual driver’s disutility or cost, and is represented as dynamics 
toward the equilibrium of lane-flow distribution along with longitudinal traffic dynamics. The proposed method can be 
differentiated from those in previous studies because in this study, the motivation of lane changing is explicitly considered and it 
is treated as a utility defined by the current macroscopic traffic state. In addition, the entire process of lane changing is computed 
macroscopically by an extension of the kinematic wave theory employing IT principle; moreover, in the model framework, the 
lane-flow equilibrium curve is endogenously generated because of self-motivated lane changes. Furthermore, the parsimonious 
representation enables parameter calibration using the data collected from conventional loop detectors. The calibration of the data 
collected at four different sites, including a sag bottleneck, on the Chugoku expressway in Japan reveals that the proposed 
method can represent the lane-flow distribution of any observation site with high accuracy, and that the estimated parameters can 
reasonably explain the multilane traffic dynamics and the bottleneck phenomena uphill of sag sections.  
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1. Introduction 
It is well known that under the condition of high traffic volume lane-flow distribution becomes unbalanced; more 
traffic tends to use a median lane rather than a middle and outer lane, which results in deteriorated traffic capacity at 
bottleneck sections (Wu, 2006; Knoop et al., 2010; Xing et al., 2014). As an intensive development for ITS, active 
and dynamic lane management has been practically implemented. Balancing lane-flow distribution by employing 
the technology for ITS is a feasible solution for increasing the throughput of bottleneck flow (Xing et al., 2014). In 
addition, lane traffic management and control should be considered for improving efficiency and safety in case of 
lane regulation for road construction or other incidents and at merging, diverging, and weaving sections. For traffic 
management to be effective, a model-based decision support system consisting of traffic state estimation, traffic 
state prediction and optimization, and traffic control measures are essential (Yuan et al., 2012). However, because of 
a lack of the methods for computing multilane traffic flow including lane-changing dynamics, a model-based 
decision support system considering lane-based traffic management has not been realized thus far.  
This paper introduces a multilane first-order traffic flow model that depicts the dynamics of lane changing. In this 
model, we assume that a driver changes a lane to improve utility or decrease disutility. In addition, we assume that 
the equilibrium for lane-flow distribution is achieved as a condition of stochastic user equilibrium (SUE), in which 
all drivers believe that they cannot further improve their utilities by changing lanes. In this model, lane changes are 
represented as dynamics toward lane-flow equilibrium. The utility function for a driver to choose each lane is 
defined by only two parameters on the basis of lane-changing behavior investigated by Knoop et al. (2012) and 
Shiomi et al. (2013). The first is a constant value representing cost for breaking the “keep left” (or right) rule, and 
the second is average speed depending on the fundamental diagram and the density of the lane. Such parsimonious 
representation enables online calibration using real-time data from conventional loop detectors. To compute the 
possible solution of multilane traffic under the conservation law of traffic volume, the IT principle (Laval and 
Daganzo, 2006) is applied. Further, in the present study, the parameters reproducing lane-flow distribution are 
estimated on the basis of the data collected by the conventional loop detectors. While, on the basis of the estimation 
results, the cross-sectional characteristics of lane-flow distribution at sag sections are discussed.  
The remainder of this paper is organized as follows. Section 2 describes state-of-the-art of multilane traffic. In 
section 3, the concept of lane-changing dynamics and the mathematical representation of lane-flow equilibrium are 
described. In section 4, the computation methods of multilane traffic flow employing the IT principle is overviewed. 
In section 5, the parameter calibration method employing the extended quasi-Newtonian approach is explained, and 
in section 6, the application results and discussion are given. Finally, we conclude this paper in section 7 and 
mention recommendations for future works.  
2. State-of-the-art 
During the last two decades, considerable attention has been paid to the science of lane-changing behavior and 
multilane flow modeling. A change of lanes by a vehicle totally depends on a decision made by the driver and 
reflects the situation of the subject vehicle. Therefore, because lane changing represents individual driving behavior, 
it is the most straightforward parameter applied for microscopic modeling (e.g., Gipps, 1986; Kita, 1999; Salvucci 
and Liu, 2002; Webster et al., 2007; Toledo et al., 2009). This approach can consider various conditions and 
variables that alter a driver’s decision to change lanes. However, because of the computational tasks and complicated 
model framework involved, this method is not appropriate for online and network-wide freeway traffic evaluation. 
An additional approach is mesoscopic modeling (Shevston and Helbing, 1999; Hoogendoorn and Bovy, 2001), in 
which an analogue of gas-kinetic modeling is applied to depict longitudinal multilane traffic dynamics and lateral 
movement. Shvestsov and Helbing (1999) reported that the proportion of lane changers is exogenously determined 
on the basis of the density. However, the motivations behind lane-changing behavior are not appropriately 
considered. In Hoogendoorn and Bovy (2001), the probability of a driver changing a lane is estimated by applying 
discrete choice theory. In this case, however, calibration of various parameters is required, and data with more 
precision is needed than that for conventional loop detectors. Moreover, it is difficult to employ online and dynamic 
traffic estimation on the basis of real-time data collection.  
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From the macroscopic approach, Daganzo (2002(a), 2002(b)) investigated traffic phenomena on multilane 
freeways and proposed a traffic flow theory based on a kinematic wave model. In his theory, he assumed that there 
are two types of drivers: slugs, which have lower desired speed and drive in outer lanes, and rabbits, which have 
higher desired speed and drive in both outer and inner lanes depending on traffic conditions. This slugs and rabbits 
theory was proven to effectively explain various traffic phenomena. However, a computational method based on this 
theory has not been developed to depict multilane traffic. Laval and Daganzo (2006) also proposed a method of 
computing multilane traffic flow on the basis of kinematic wave theory and developed a model to depict the 
influence of lane changers on traffic flow. This study employed the hybrid approach in which lane changers were 
computed as particles and were considered as moving bottlenecks. It was assumed that the number of vehicles 
changing lanes is proportional to the differences in traveling speed among lanes. However, it is apparent that this 
assumption does not appropriately represent the lane-flow equilibrium curve. Farhi et al. (2013) proposed the logit 
lane assignment model combined with conservation laws of traffic flow, though the representation of lane-flow 
equilibrium and a calibration method has never been proposed. Moreover, the hybrid approach combining 
microscopic and macroscopic models, which was reported by Hong et al. (2010) and Okaue and Okushima (2011), is 
not feasible for a model-based decision support system. Tang et al. (2009) and Jin (2010, 2013) developed 
macroscopic models depicting traffic changing lanes that considered disturbances in the traffic flow caused by lane 
changes. However, the models did not represent lane-specific behavior.  
The contribution of the present study can be differentiated from those of previous studies on the basis of the 
following reasons: i) In this study, the motivation of lane changing is explicitly considered and is treated as utility 
defined by the current macroscopic traffic state; ii) the entire process of lane changing is computed macroscopically 
in which the extension of the kinematic wave theory employs the IT principle; and iii) in the model framework, the 
lane-flow equilibrium curve is endogenously generated as a result of self-motivated lane changes. The proposed 
model parsimoniously represents lane-specific traffic dynamics. Thus, the proposed method is expected to have high 
feasibility for online and lane-specific traffic state estimation and prediction in addition to evaluation of the dynamic 
lane control scheme. 
 
3. Modeling lane change and lane-flow equilibrium 
3.1. Assumptions of motivations behind lane changes 
In this study, we develop a model depicting lane-changing dynamics and lane-flow equilibrium at a freeway 
section with no merging or diverging, where drivers change lanes only to improve their driving circumstances. That 
is, mandatory lane changes for off-ramps or on-ramps are not considered. On such sections, we can observe specific 
macroscopic relationships between the total density and the fraction of the lane flow, as shown in Fig. 1. On two-
lane sections, more traffic tends to use the outside lane when the traffic density is less. However, when traffic 
density is higher than approximately 30 (veh/km/2 lanes), drivers use a median lane more often than other lanes. As 
the density increases, the gap of fraction becomes insignificant. In addition, driver behavior on three-lane sections is 
more complicated than that on two-lane sections. First, the fraction of the outside lane is larger than that for other 
lanes when traffic density is less than 20 (veh/km), and traffic in the center lane becomes dominant. With traffic 
density higher than 50 (veh/km), the fraction on the median lane becomes the largest, and finally, the gap of 
fractions among the lanes becomes insignificant. This tendency is not specific to the observation site shown in Fig. 1 
and is commonly observed in the normal sections without merging and diverging.  
With regard to the mechanism of the lane-flow distribution and its equilibrium condition, Wu (2006) theoretically 
revealed that the equilibrium curve is achieved as a result of balance between lane-change demand, i.e., the 
proportion of the following vehicles forced to be driven at less than their desired speed, and the proportion of the 
available gap in the adjacent lanes. From an empirical aspect, Knoop et al. (2012) investigated the relationship 
between the number of lane changes and the density of both original and adjacent lanes. They revealed that in free-
flow conditions, the number of lane changes per traffic volume from an outer lane to a median lane and vice versa 
are not negatively proportional to the density of the adjacent lane if the density of the original lane is of the same 
level. This fact implies that lane-changing behavior is not fully explained solely by gap acceptance, or the 
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proportion of the available gap. Shiomi et al. (2013) investigated lane-change behavior on a three-lane section by 
applying a discrete choice model and determined that in the outside and middle lanes, vehicles tend to remain in the 
original lane, whereas in the median lane, vehicles tend to change lane to either the middle or outer lane. This fact 
indicates that drivers are basically compliant with the keep-left rule in Japan, which also motivates drivers to change 
lanes or remain in the same lane.  
Thus, in this study, the following points are assumed:  
• Drivers are motivated to change lanes to increase their driving speed, although the choice depends on their 
desired speed; i.e., a driver with a desire for higher speeds would change lanes, while one with a desire for low 
speed would not.  
• Basically, drivers follow the keep-left rule; i.e., if the traffic state is the same among lanes, a driver will choose 
the outside lane.  
• The demand for lane change is censored because of the limitations on the available gap in the target lane, which 
is related to its available capacity.  
Under these assumptions, a first order-traffic flow model was developed to depict multilane traffic dynamics. 
3.2. Definition of utility function and mathematical expression of equilibrium state 
Suppose a fundamental diagram is defined lane-by-lane, and the average speed of lane l, vl, is given as  
vl = fl kl( ) ,  
where fl() is a fundamental relationship and kl is the density in lane l. A driver would choose a lane that offers more 
utility or less disutility. As mentioned in the previous section, a driver would be motivated to change lanes to 
increase his or her driving speed or to follow the keep-left rule. Thus, we define the cost of a vehicle n to drive in 
lane l, Cnl(kl), as a monotonically increasing function against the density:  
Cnl kl( ) =αnl +βnl ⋅ fl kl( )
−1{ }+ε
= cnl kl( )+ε
          (1) 
where kl(t, x) is the density in lane l at time–space point (t, x), αnl is the disutility to violate the keep-left rule for a 
vehicle n, βnl shows sensitivity to the travel time for a unit distance for a vehicle n, and ε is an error term following 
    
(a) Example of two-lane section (b) Example of three-lane section (Knoop et al. 2010) 
Fig. 1 Observation of lane-flow distribution on freeways. 
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Gumbel distribution, G(0,θ), implying the heterogeneity of desired speed and recognition error. Assuming traffic 
flow is composed of homogenous vehicles in terms of their fundamental diagram and the structure of the cost 
function, the probability that a vehicle chooses lane l on the basis of the current traffic conditions at time t is written 
as  
pl K( ) =
exp −θ ⋅ cl kl( )⎡⎣ ⎤⎦
exp −θ ⋅ ci ki( )⎡⎣ ⎤⎦
i
∑  
where K(t, x) is the total density and is written as 
K t, x( ) = ki t, x( )
i
∑ .  
Notably, the index n is omitted because of the clear representation. The lane-flow equilibrium condition indicates a 
state in which each driver believes that he or she can no longer decrease the driving cost by changing lanes. 
Additionally, it states that even if some vehicles change lanes, other vehicles would compensate for the change in 
lane traffic flow by changing lanes immediately; as a result, lane-flow distribution becomes stable. The equilibrium 
state is indicated by Eq. (2).  
pl
* K( ) =
exp −θ ⋅ cl kl*( )⎡⎣ ⎤⎦
exp −θ ⋅ ci ki*( )⎡⎣ ⎤⎦
i
∑
=
kl
*
K
,
  (2) 
where * indicates the equilibrium condition. It should be noted that all the unknown parameters, θ, αl, and βl cannot 
be uniquely identified at the same time, so that we exclude the variance parameter θ for the parameter calibration 
process, and give an empirical value to it (for more detail, see section 6.2.2).  
3.3. Expression of Lane-change dynamics 
The equilibrium condition expressed by Eq. (2) is equivalent to the solution of the optimization problem as  
min Z k( ) = ci ω( )dω0
ki∫
i
∑ + 1θ kii∑
ln
ki
K
subject to
K = ki
i
∑
ki ≥ 0
  [P-1] 
because the equilibrium condition can be considered as the SUE condition, and the cost function is a monotonic 
increasing function with regard to the density (for the mathematical proof, see Appendix A). To solve problem [P-1], 
the objective function is partially linearized as  
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min Zˆ y( ) = yici ui( )
i
∑ + 1θ yi ln
yi
Ki
∑
subject to
K = yi
i
∑
yi ≥ 0,
  [P-2] 
where u = {ui} is a vector of the current density of each lane at (t, x). Then, the solution vector y* is given by 
calculating the KKT condition as  
yi
* = K ⋅
exp −θ ⋅ cl ul( )⎡⎣ ⎤⎦
exp −θ ⋅ ci ui( )⎡⎣ ⎤⎦
i
∑   (3) 
It is mathematically proven that the operation  
u t +Δt, x( ) = u t, x( )+ 1/ τ( ) y* − u t, x( ){ }   (4) 
gives a better solution of [P-1] than u(t, x), where τ > 1 (Sheffy; 1984). This result implies that when the cost of 
each lane is defined as a monotonic increasing function with regard to the density, the lane-flow distribution 
gradually approaches the equilibrium condition as vehicles repeatedly change lanes in an ad-hoc manner following 
the choice probability. In this model, the process toward equilibrium represents the dynamics of lane change. In Eq. 
(4), a dynamic parameter, τ, is used, which can be interpreted as that used by Laval and Daganzo (2006); i.e., τ 
indicates the number of time step a driver takes to decide and execute a lane change, and it relates to the gap 
availability in the target lane. The higher the density of the target lane, the longer the time required to find an 
available gap. Thus, τ is considered as a parameter that relates to traffic conditions, and becomes larger when the 
density is higher.  
4. Multilane first-order traffic flow model 
4.1. Framework of multilane LWR model 
In this study, the multilane Lighthill–Whitham–Richards (LWR) model developed by Laval and Daganzo (2006) 
is applied with some modification to compute traffic flow for multiple lanes with lane changes. The conservation 
law of multilane traffic (Munjal and Pipes, 1971) is written as 
∂Kl t, x( )
∂t
+
∂Ql t, x( )
∂x
=ϕl , l = 1, 2, …, n,  (5) 
ϕl = ϕl '→l
l '≠l
∑ − ϕl→l '
l '≠l
∑ , 
where ϕl'l is the number of vehicles coming from one lane (l') to the target lane (l).  
As mentioned above, it is assumed that the fundamental diagram is defined lane-by-lane. Notably, a lane change 
is caused by the differences in cost among lanes even in free-flow conditions. Thus, the equation of the fundamental 
diagram proposed by van Lint et al. (2008) is used:  
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Vl t, x( ) = fl Kl( )
=
vfl −Kl ⋅
vfl − vcl
kcl
if 0 ≤ Kl ≤ kcl
vcl ⋅ kcl
Kl
⋅ 1− Kl − kcl
kJl − kcl
⎛
⎝
⎜
⎞
⎠
⎟ otherwise
⎧
⎨
⎪
⎪
⎩
⎪
⎪
 (6) 
where vfl, vcl, kcl, and kJl are free flow-speed (km/h), critical speed (km/h), critical density (veh/km), and jam density 
(veh/km) in lane l, respectively. An example of the fundamental diagram following Eq. (6) is exhibited as Fig.2.  
4.2. Extension to multilane traffic flow 
4.2.1. Godunov scheme for multilane section 
The Godunov scheme is applied to compute the traffic dynamics following the conservation law in Eq. (5). Then, 
Eq. (5) is discretized as  
Kt+1,il −Ktil
Δt
+
Qtil −Qt,i−1,l
Δx
= ϕ ti,l '→l
l '≠l
∑ − ϕ ti,l→l '
l '≠l
∑  
where the indices t and i are time step and cell number, respectively. Following the Courant–Friedrichs–Lewy 
(CFL) condition, the time step size Δt and cell length Δx should keep the constrained condition as  
Δx ≥max
∀l
v fl( ) ⋅ Δt  
In the case of a single-lane section, the traffic volume transferred from the upper cell i to the lower cell i + 1, Ati, is 
given as  
 
Fig 2 Example of fundamental diagram, where vf = {80, 90, 100}, vc = {70, 80, 90}, kc = {15, 15, 15}, and kj = {70, 70, 70}. 
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Ati =min Sti,Rt,i+1( )
where
Sti =
Kti ⋅Vti ⋅ Δt if 0 ≤ Kti ≤ kci
kci ⋅ vci ⋅ Δt otherwise
⎧
⎨
⎪
⎩⎪
,
Rt,i+1 =
kci+1 ⋅ vci+1 ⋅ Δt if 0 ≤ Kt,i+1 ≤ kci+1
Kt,i+1 ⋅Vt,i+1 ⋅ Δt otherwise
⎧
⎨
⎪
⎩⎪
  (7) 
In Eq. (7), Sti is the sending function, which is the traffic demand from the upper cell, and Rt,i + 1 is the receiving 
function, which is the supply volume of the lower cell. The transfer volume is limited to the minimum of the traffic 
demand, and supply volume. The following section gives the treatment for vehicles changing lanes.  
4.2.2. Definition of number of drivers desiring lane change 
As mentioned in section 3, vehicles changing lanes are generated to improve driving cost. Given the cost function 
to each lane in accordance with the density of each cell as Eq. (1), the proportion of drivers desiring lane change 
from l to l' in time and place (t, x), pti,ll', is defined as  
pti,l→l ' =
exp −θ ⋅ cil ' Ktil '( )⎡⎣ ⎤⎦
exp −θ ⋅ cik Ktik( )⎡⎣ ⎤⎦
k
∑   (8) 
Then, the number of drivers desiring lane change is written in accordance with the sending function Stil as  
Ltil→l ' =
1
τ til
⋅ Stil ⋅ ptil→l '  
where τtil is the dynamics parameter, which is unknown and depends on the traffic state. This parameter cannot be 
observed directly and should therefore be estimated on the basis of the longitudinal variation of lane-flow 
distribution. From this perspective, a feedback estimation method (e.g., Wang and Papageorgiou, 2005) could be 
applied to determine the parameter. The volume of traffic with drivers desiring to keep the same lane is also defined 
as 
Mtil = Stil − Ltil→l '
l '∈Ωl
∑  
where Ω is the set of lanes a vehicle can reach within the time step Δt from the current lane l.  
4.2.3. Computing Lane Change 
On the basis of the number of the drivers desiring to keep the same lane and those desiring to change lanes, an 
adjustment process is used to determine the volume transferred into the lower cells. The process proposed in Laval 
and Daganzo (2006) is applied with partial revisions. In this study, it is assumed that there are two criteria in 
executing a lane change. The first is whether a vehicle can locate a space in the target lane, and the other is whether 
the downstream cell in the target lane can accept the traffic coming from the upstream of the same lane and its 
adjacent lanes. In Laval and Daganzo (2006), the later criterion is limitedly considered. Fig.3 shows the schematic 
representation of the computational process.  
Let Hti + 1l denote the total desired number flowing into the cell i + 1 of lane l on time t as  
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4.3. Parameter calibration method 
The proposed model requires the following parameters:  
• Fundamental diagrams: free speed, critical density, critical speed, and jam density for each lane.  
• Utility function of lane choice: disutility to violate the keep-left rule and sensitivity to the travel time of a 
distance unit for each lane.  
In this section, we proposed the parameter estimation method on the basis of the data collected by the conventional 
loop detectors. Here, the variance parameter, θ in Eq. (3) and the dynamic parameter, τ in Eq. (4), are excluded in 
the estimated parameters. It is assumed that the parameters of the utility function of lane choice are defined under 
given fundamental diagrams. Thus, the parameters are estimated first for fundamental diagrams, followed by those 
of the utility function of lane choice.  
4.3.1. Estimation method of FD parameters 
Conventional loop detectors can directly measure lane-based traffic volume (Qobs, l) and space-mean speed (Vobs, l), 
and the density (Kobs,l) can be indirectly measured by the operation Kobs,l = Qobs,l/Vobs,l. Suppose Θ l denotes the 
unknown parameter vector in FD in lane l. Then, the estimation vector Θ l∗, which minimizes the residual error 
between the estimations and the observations, can be determined by  
Θl* = argminΘl
Vobs,l
i − fl Kobs,li Θl( ){ }
2
i
Nl
∑
⎡
⎣
⎢
⎤
⎦
⎥   (10) 
where Nl shows the number of observations on lane l. To solve Eq. (10), the quasi-Newton method is applied. 
4.3.2. Estimation method of lane choice parameters 
For calibrating lane-flow distribution, αl and βl in Eq. (1) are unknown parameters and have to be calibrated. 
According to Eq. (2), obviously, only the relative difference of the cost among lanes has influence on lane choice 
behavior; thus, α1 and β1 in the outside lane are given as 0 and 1, respectively. Then, given the total density K and 
the unknown parameter set Φ , the proportion of lane flow at the equilibrium condition, pest(K| Φ) = {pest,l(K| Φ)| l = 
1, 2, …, n}, where Σl pest,l(K| Φ) = 1, is obtained by simulating traffic flow in an imaginary ring road with periodic 
boundaries. To obtain the convergence results, the dynamic parameter, τ, is set as the same value as the number of 
time steps in the simulation.  
From the conventional loop detectors, the cross-sectional traffic density, Kobs, and the proportion of lane flow in 
lane l, pobs,l, can be observed. Because huge computational tasks are required to obtain the convergence results for 
all observed densities, estimation of the lane-flow distribution is obtained by the following approximation method. 
Suppose x denotes the finite-discrete point sequences denoted as x = {x1, x2, …, xn| 0 < x1 < x2 < … < xn < KJ}. The 
set of convergence solutions of lane-flow equilibrium corresponding to densities x, Pest(x|Φ) = {pest(x1|Φ), …, 
pest(x1|Φ)} under the given parameter set Φ ,  is computed in advance. Then, an estimate for the proportion of lane 
flow in lane l corresponding to the observed density, Kobs, is obtained as a linear interpolation given by  
pˆest,l Kobs Φ( ) =
pest,l xi Φ( ) ⋅ xi+1 −Kobs( )+ pest,l xi+1 Φ( ) ⋅ Kobs − xi( )
xi+1 − xi
 (11) 
where xi ≤ Kobs < xi + 1.  
The parameter set Φ  is determined by minimizing the residual errors as 
Φ* = argmin
Φ
pˆest,l Kobs
i Φ( )− pobs,li{ }
2
l
L
∑
i
N
∑⎡
⎣
⎢
⎤
⎦
⎥ ,  (12) 
where L is the number of lanes. Eq. (12) can be solved by applying the quasi-Newton method.  
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5. Case studies 
In this section, the model is applied to an imaginary ring road for verifying the reproducibility of lane-flow 
equilibrium and to a lane-drop bottleneck section for displaying lane-specific traffic dynamics.  
5.1. Lane-flow equilibrium on ring road 
To verify the reproducibility of the lane-flow equilibrium curve, the developed model is applied to imaginary 
ring roads with two lanes and three lanes. A ring road can be considered as a homogeneous road with infinite length. 
To obtain a convergent solution of [P-1], the homogenous density is set to all cells in the ring road as an initial 
condition, and traffic flow dynamics are simulated for 50 time steps with the given adjacent parameter, τ, increasing 
in value as the calculation progresses. Concretely, τ is set equal to the time step counts, so that the lane-changing 
movements gradually settle down. Then, for various initial density from 1 to 60 (veh/km/lane) increasing by steps of 
2 (veh/km/lane), the convergence results are calculated.  
5.1.1. Case 1: Two-lane ring road 
A ring road network with two lanes is examined in Case 1, as shown in Fig. 4. All cell lengths are assumed to be 
equal, despite the appearance in which the cell lengths of inner lanes appear to be shorter than those of outer lanes. 
The parameter settings for the numerical calculations are shown in Table 1. The cost parameters for the outer lane, 
α1 and β1, are set as 0 and 1, respectively, because the differences in cost between each lane is used to determine the 
choice probability in Eq. (8). In addition, we consider the outside lane as the base line. The other parameters of cost 
function are set by trial and error.  
Fig 5 shows the convergence process of lane-flow distribution when the initial density is set as 20 (veh/km) per 
lane. From the figure, it is evident that the fraction of lane flow is initially the same. Oscillation can be observed at 
first. However, as the time step increases, the fraction of lane flow settles down and finally converges at the point at 
which the median lane has more traffic than the outer lane. Fig. 6 shows the relation between the total density of 
both lanes and the fraction of lane flow at the convergence point. Evidently, during the low-density flow, most 
drivers use the outside lane; as the density increases, the gap between usage of the outside and median lanes 
decreases. When the total density becomes approximately 30 (veh/km), the dominant lane changes from the outside 
lane to the median lane. This tendency is also shown in Fig. 1. Thus, we can conclude that the computation results 
represent realistic lane usage for two-lane sections, although it is strongly required that parameters used in the 
simulation be calibrated on the basis of the observed data. This model requires only three parameters in the case of 
the two-lane section in addition to the parameters of the fundamental diagram; therefore, the unknown parameters 
can be easily estimated on the basis of the observed data collected from conventional loop detectors.  
 
 
Fig. 4 Simulated two-lane ring road. 

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Table 1 Parameter settings for two-lane ring road. The notation l = 1 indicates the outer lane, and l = 2 indicates the median lane. 
(a) Cost function for lane choices                                                                                     (b) Fundamental Diagram 
α1 α2 β1 β2 θ        vf1 vf2 vc1 vc2 kcl (l = 1,2) KJl (l = 1,2) 
0 0.014 1 0.82 1000 80 (km/h) 
90 
(km/h) 
70 
(km/h) 
80 
(km/h) 
15  
(veh/km) 
70 
(veh/km) 
(c) Simulation settings 
Δt Number of cells Δx 
10 (sec) 20 222.2 (m) 
 
 
 
Fig. 5 Convergence process of the fraction of lane flow on two-lane ring road. 
 
Fig. 6 Computed lane-flow equilibrium curve for two-lane ring road. 
 
5.1.2. Case 2: Three-lane ring road 
The two-lane ring road is extended to three lanes. Parameters are set as shown in Table 2. Because the time step 
size is 10 s, we assume that a vehicle can change to only the adjacent lane within a time step because the time is too 
short to access the entire road width. As with the case of two lanes, the parameters of the cost function are set by 
trial and error, except for α1 and β1.  
Fig. 7 shows the convergent process when the initial density is set as 20 (veh/km) per a lane. This process is more 
complicated than that with two lanes case, but it can be seen that the fraction of lane flow finally gets to the 
convergence. Fig. 8 shows the relation between the various total density and fraction of lane flow. Interestingly, 
notably, when the density is low, the outside lane is dominant. As the density increases, however, the outside lane is 
used less. Conversely, the fraction of the median lane increases and finally receives the highest fraction of lane flow. 
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Although the information shown in Fig. 1 may partially differ, the simulated lane-flow equilibrium curve can 
represent the significant features in the fluctuation of the lane-flow fraction.   
 
 
Table 2 Parameter settings for three-lane ring road. The notation l = 1, 2, and 3 indicates the outer, middle, and median lanes, respectively. 
(a) Cost function for lane choices 
α1 α2 α3 β1 β2 β3 θ 
0 0.014 0.019 1 0.82 0.81 1000 
 
(b) Fundamental diagram  
vf1 vf2 vf3 vc1 vc2 vc3 kcl (l = 1,2, 3) KJl (l = 1,2, 3) 
80 (km/h) 90 (km/h) 100 (km/h) 70 (km/h) 80 (km/h) 90 (km/h) 15 (veh/km) 70 (veh/km) 
 
(c) Simulation settings 
Δt Number of cells Δx 
10 (sec) 20 277.8 (m) 
 
 
 
Fig. 7 Convergence process of the fraction of lane flow on three-lane ring road. 
 
 
 
Fig. 8 Computed lane-flow equilibrium curve for three-lane ring road. 
 
5.2. Traffic dynamics at lane-drop bottleneck section 
Traffic dynamics at a bottleneck in which the number of lanes reduces from three to two are simulated in this 
section. The subject section consists of 80 cells, and the 56th cell from the upper boundary is set as a bottleneck. The 
parameters of cost function and fundamental diagrams in addition to the simulation settings are listed in Tables 2 (a), 
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and (b), respectively. With regard to the simulation settings, the time step size is set as 5 s, the cell length is set to 
138.9 m, and accordingly, the adjustment parameter, τ, is set to 5. At the upstream boundary cells, traffic demand is 
randomly given to each lane, following the normal distribution with mean 10 (veh/km) and standard deviation 1 
(veh/km). At the downstream boundary, it is assumed that traffic can flow freely.  
Fig. 9 shows the simulation results. For clear representation, the simulated results are aggregated in every five 
time steps and four longitudinal cells. Until the seventh time step, there is no congestion queue because high traffic 
demand has not reached the bottleneck. In this situation, the lane-flow distribution is almost stable. At the seventh 
time step, the congestion queue first appears in the median lane. Interestingly, notably, at first, the congestion queue 
propagated to the middle lane and the outer lane, then toward the upstream. Fig. 10 illustrates the proportion of the 
vehicles changing lanes to the number of vehicles flowing out of the cells. Note that the simulated results are also 
aggregated in every five time steps and four longitudinal cells, and that is why the value in cell 14 where is just 
behind the bottleneck on lane 3 is less than 1.0. In the figure, lane-change 21→  indicates that the lane change is 
from the outer lane to the middle lane; 1, 2, and 3 represent the outer, middle, and median lanes, respectively. The 
figure also shows that the proportion propagates to the downstream during the free-flow condition and to the 
upstream during the congestion-flow condition. Therefore, this model can represent the propagation of lane-
changing dynamics along the characteristic wave. Focusing on the bottleneck point, at the 14th cell, the proportion of 
lane change from the median to the middle is the highest, and that from the middle to the median is 0, which is valid. 
However, at the 13th cell, a small proportion of drivers change from the middle lane to the median lane. This result 
occurred likely because in the model, it is assumed that drivers do not foresee the downstream traffic condition; i.e., 
each driver makes the decision to change lanes on the basis of the current traffic condition, which appears to be an 
unrealistic maneuver. Although this point should be a limitation to be reviewed, the developed model can represent 
the relevant traffic dynamics including lane changes.  
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Fig. 9 Simulated lane-specific traffic dynamics in the section with lane-drop bottleneck. 
cell
lane
Outside 10 6 4 4 4 4 4 4 4 4 4 3 1 0 0 0 0 0 0 0
Middle 11 7 4 3 3 3 3 3 3 3 3 2 1 0 0 0 0 0 0 0
Median 11 6 3 2 2 2 2 2 2 2 2 2 1 0
Outside 12 12 11 8 5 4 4 4 4 4 4 4 4 4 3 1 0 0 0 0
Middle 14 14 13 9 5 3 3 3 3 3 3 3 3 3 2 1 0 0 0 0
Median 13 13 12 8 4 2 2 2 2 2 2 2 2 3
Outside 12 12 12 12 11 9 6 5 4 4 4 4 4 4 5 5 4 2 0 0
Middle 14 14 14 14 13 11 7 4 3 3 3 3 3 3 4 3 3 1 0 0
Median 13 13 13 13 12 9 5 3 2 2 2 2 2 3
Outside 12 12 12 12 12 12 11 10 8 6 4 4 4 4 5 5 5 5 4 3
Middle 14 14 14 14 14 14 13 12 8 5 4 3 3 3 4 4 4 4 3 2
Median 13 13 13 13 13 13 13 11 7 4 2 2 2 4
Outside 12 12 12 12 12 12 12 11 11 10 9 7 5 4 5 5 5 5 5 5
Middle 14 14 14 14 14 14 14 14 14 12 10 7 5 4 5 4 4 4 4 4
Median 13 13 13 13 13 13 13 13 13 11 9 5 3 4
Outside 12 11 11 12 12 12 12 12 12 12 11 11 9 7 7 6 5 5 5 5
Middle 13 14 14 14 14 14 14 14 14 14 14 13 11 8 7 5 4 4 4 4
Median 13 13 13 13 13 13 13 13 13 13 13 12 10 11
Outside 12 12 12 11 11 12 12 12 12 12 12 12 11 12 13 10 8 6 6 5
Middle 14 14 14 14 14 14 14 14 14 14 14 14 14 14 14 11 8 5 4 4
Median 13 13 13 13 13 13 13 13 13 13 13 13 13 29
Outside 12 12 12 12 12 11 11 12 12 12 12 12 12 18 14 13 12 10 8 7
Middle 14 14 14 14 14 14 14 14 14 14 14 14 14 22 15 15 14 11 8 6
Median 13 13 13 13 13 13 13 13 13 13 13 13 13 44
Outside 12 12 12 12 12 12 12 11 11 11 12 12 14 25 14 13 13 13 12 11
Middle 14 14 14 14 14 14 14 14 14 14 14 14 18 28 15 14 15 15 14 11
Median 13 13 13 13 13 13 13 13 13 13 13 13 18 53
Outside 12 11 11 12 12 12 12 12 12 12 11 11 23 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 14 14 27 29 15 15 14 14 15 15
Median 13 13 13 13 13 13 13 13 13 13 13 13 29 55
Outside 12 12 12 11 11 12 12 12 12 12 12 13 31 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 14 16 35 30 15 14 14 15 14 14
Median 13 13 13 13 13 13 13 13 13 13 13 15 38 55
Outside 12 12 12 12 12 11 11 11 12 12 12 20 33 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 14 24 38 30 15 14 14 14 14 15
Median 13 13 13 13 13 13 13 13 13 13 13 24 41 55
Outside 12 12 12 12 12 12 12 11 11 11 12 29 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 15 33 38 30 15 14 14 14 14 14
Median 13 13 13 13 13 13 13 13 13 13 14 35 42 55
Outside 12 12 12 12 12 12 12 12 12 11 17 34 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 20 38 38 30 15 14 14 14 14 14
Median 13 13 13 13 13 13 13 13 13 13 20 40 42 55
Outside 12 12 12 12 12 12 12 12 12 12 26 34 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 14 30 39 38 30 15 14 14 14 14 14
Median 13 13 13 13 13 13 13 13 13 13 31 41 42 55
Outside 12 12 12 12 12 12 12 12 12 15 33 35 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 18 37 39 38 30 15 14 14 14 14 14
Median 13 13 13 13 13 13 13 13 13 18 39 41 42 55
Outside 12 12 12 12 12 12 12 12 12 24 34 35 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 14 27 39 39 38 30 15 14 14 14 14 14
Median 13 13 13 13 13 13 13 13 13 28 40 41 42 56
Outside 12 12 12 12 12 12 12 12 13 32 34 35 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 16 36 39 39 38 30 15 15 14 14 14 14
Median 13 13 13 13 13 13 13 13 16 38 41 41 42 55
Outside 12 12 12 12 12 12 12 12 21 34 35 35 34 26 14 13 13 13 13 13
Middle 14 14 14 14 14 14 14 14 25 38 39 39 38 29 15 15 15 15 14 14
Median 13 13 13 13 13 13 13 13 25 40 41 41 42 55
Outside 12 11 12 12 12 12 12 12 30 34 35 35 34 25 15 13 13 13 13 13
Middle 14 14 14 14 14 14 14 15 34 39 39 39 38 29 15 15 15 15 15 15
Median 13 13 13 13 13 13 13 14 36 40 41 41 42 55
16
17
18
19
20
1
2
3
4
5
6
7
8
9
12
13
14
15
10
11
18 19 2012 13 14 15 16 1711
time
step 1 2 3 4 5 6 7 8 9 10
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Fig. 10 Simulated lane-change dynamics: proportion of vehicles changing lanes. 
 
cell
lane change
1 --> 2 0.14 0.11 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.08 0.00 0.00 0.00 0.00 0.00 0.00
2 --> 1 0.09 0.12 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.14 0.15 0.17 0.00 0.00 0.00 0.00 0.00 0.00
2 --> 3 0.11 0.09 0.07 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.06 0.07 0.06 0.05
3 --> 2 0.12 0.13 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.16 0.17
1 --> 2 0.14 0.13 0.12 0.12 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.10 0.10 0.08 0.00 0.00 0.00
2 --> 1 0.08 0.09 0.10 0.11 0.12 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.14 0.19 0.19 0.21 0.00 0.00 0.00
2 --> 3 0.12 0.12 0.11 0.10 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.06
3 --> 2 0.11 0.11 0.12 0.12 0.14 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.34
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.12 0.12 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.13 0.12 0.11 0.09 0.07
2 --> 1 0.08 0.09 0.09 0.09 0.10 0.11 0.12 0.12 0.13 0.13 0.13 0.13 0.13 0.14 0.18 0.16 0.17 0.18 0.20 0.22
2 --> 3 0.13 0.12 0.12 0.12 0.11 0.11 0.09 0.08 0.08 0.08 0.08 0.08 0.08 0.06
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.12 0.13 0.14 0.15 0.15 0.15 0.15 0.15 0.46
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.12 0.12 0.11 0.11 0.11 0.11 0.11 0.13 0.13 0.13 0.12 0.09
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.10 0.10 0.11 0.12 0.13 0.13 0.13 0.14 0.18 0.16 0.15 0.16 0.16 0.14
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.10 0.09 0.08 0.08 0.08 0.06
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.13 0.14 0.15 0.15 0.15 0.47
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.12 0.12 0.11 0.11 0.11 0.13 0.13 0.13 0.13 0.10
2 --> 1 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.10 0.11 0.11 0.12 0.14 0.18 0.16 0.15 0.15 0.15 0.12
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.10 0.09 0.08 0.06
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.12 0.13 0.14 0.43
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.12 0.12 0.14 0.13 0.13 0.13 0.10
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.10 0.10 0.12 0.17 0.15 0.15 0.15 0.15 0.12
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.11 0.08
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.27
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.08 0.16 0.15 0.15 0.14 0.13 0.10
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.17 0.13 0.13 0.14 0.15 0.15 0.12
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.04
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.35
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.05 0.16 0.16 0.16 0.15 0.15 0.11
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.18 0.12 0.13 0.13 0.13 0.14 0.11
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.50
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.08 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.14 0.14 0.11 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.08 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.14 0.52
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.15 0.14 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.03 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.14 0.54
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.10 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.12 0.10 0.14 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.10 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.12 0.54
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.07 0.05 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.13 0.09 0.13 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.07 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.10 0.12 0.53
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.11 0.05 0.05 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.11 0.08 0.09 0.14 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.05 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.06 0.12 0.54
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.07 0.05 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.12 0.06 0.09 0.14 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.08 0.05 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.10 0.05 0.12 0.54
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.05 0.05 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.11 0.05 0.09 0.13 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.11 0.05 0.05 0.02 0.00
3 --> 2 0.12 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.08 0.05 0.12 0.54
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.08 0.05 0.06 0.05 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.13 0.06 0.06 0.10 0.13 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.08 0.06 0.05 0.03 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.10 0.05 0.05 0.12 0.53
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.12 0.05 0.06 0.05 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.10 0.11 0.06 0.05 0.09 0.14 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.05 0.05 0.06 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.08 0.05 0.05 0.12 0.54
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.09 0.06 0.05 0.06 0.04 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.12 0.06 0.05 0.06 0.09 0.13 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.09 0.05 0.06 0.06 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.05 0.05 0.05 0.12 0.53
1 --> 2 0.14 0.13 0.13 0.13 0.13 0.13 0.13 0.13 0.06 0.05 0.06 0.05 0.05 0.06 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.09 0.12 0.05 0.05 0.05 0.09 0.13 0.11 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.12 0.06 0.06 0.05 0.06 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.09 0.06 0.05 0.05 0.12 0.53
1 --> 2 0.15 0.13 0.13 0.13 0.13 0.13 0.13 0.10 0.05 0.05 0.06 0.05 0.05 0.05 0.16 0.16 0.16 0.16 0.16 0.12
2 --> 1 0.08 0.09 0.09 0.09 0.09 0.09 0.09 0.12 0.08 0.06 0.06 0.05 0.09 0.13 0.12 0.13 0.13 0.13 0.13 0.10
2 --> 3 0.13 0.12 0.12 0.12 0.12 0.12 0.12 0.10 0.05 0.05 0.06 0.05 0.02 0.00
3 --> 2 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.11 0.06 0.05 0.05 0.05 0.12 0.54
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6. Examples of parameter calibration 
In this section, the proposed method is applied to actual field data. First, the details of the study site and the 
collected data are described, and the parameter estimation results are shown. Then, a discussion is given on the 
results.  
6.1. Study section 
The data used in the study was collected at four cross-sectional points in three lanes section of Chugoku 
Expressway in Japan, which includes a sag section behind Takaraduka-West tunnel on 20.32 KP, where traffic 
congestion often occurs. The geometric features of the target section and the data collection sites are illustrated in 
Fig. 11, in which the section between 20.90 KP and 20.32 KP becomes the bottleneck due to the sag structure. The 
data including 5 min space-mean speed and 5 min traffic volume were collected lane-by-lane at each observation 
point during March 16–23, April 20–30, May 1–18, July 15–31, and September 1–14, 2010. The data collected 
during special incidents or road work were excluded so that in total, the data of 30 days were used for analysis.  
 
6.2. Parameter estimation results 
6.2.1. FD parameters 
As the first step in calibrating the multilane traffic flow model, the parameters in FD of each lane at each 
observation site were estimated. The results are summarized in Fig. 12 and Table 3. Fig. 12 shows the comparisons 
between the observations and the estimations, which indicate a good fit, except for 25.20 KP, which is located 
approximately 5 km upstream from the bottleneck. Interestingly, even in the congested flow region, the average 
speed in the middle lane was larger than that in the outer lanes against the same traffic density, and as the density 
increased the gap of the speed lessened. This tendency was fully captured by the estimations in FD. Focusing on the 
traffic capacity, qc, defined as vc kc, evidently, traffic capacity at 20.32 KP was significantly lower than that at 
other sites in any lane. Therefore, 20.32 KP clearly becomes a bottleneck.  
6.2.2. Parameters for lane choices 
To estimate the parameters on the cost function for the lane choice in Eq. (1), the variance parameter θ was 
empirically set as 1,000. The number of iterations to obtain the convergence solution of [P-1] was set as 50. The 
number of cells consisting of the imaginary ring road was set as 3. As previously mentioned, at all observation sites, 
α1 and β1 were set as 0 and 1.0, respectively, to standardize the lane choice costs.  
The comparisons between the observations and estimation of lane-flow distribution based on the estimated 
parameters are shown in Fig. 13, and the estimation results are summarized in Table 4. Interestingly, notably, the 
range of the estimated parameters was almost identical for all observation sites. This result implies the validity of 
the estimation results, which can be confirmed by the comparison results showing good fits to the observations with 
high accuracy. Concretely, the estimation of the lane-flow distribution captured the following features: when traffic 
density was low, the fraction of the outside lane was dominant. As the traffic density increased, the most dominant 
 
Fig. 11 Study section 
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lanes shifted first to the middle lane, and ultimately, the median lane became the most dominant, although this 
feature differed slightly among the observation sites. Thus, these results imply the validity of the approach 
employed in this research such that lane-flow distribution is formulated as the SUE condition and that the 
motivations behind spontaneous lane changes are simply described by compliance with the keep-left rule and 
sensitivity to travel time increases.  
 
 
 
 
(a) 25.20 KP                                   (b) 23.12 KP                                    (c) 20.90 KP                                     (d) 20.32 KP 
Fig. 12 Comparisons between observations and estimations of FD. 
 
 
 
 
Table 3 FD parameters. 
Site Lanes vf [km/h] vc [km/h] kc [veh/km] qc [veh/h] kJ [veh/km] 
25.20KP 
Outside 84.7 75.9 14.1 1070.2 98.2 
Median 99.6 90.7 16.6 1505.6 91.6 
Middle 107.6 100.6 17.2 1730.3 99.2 
23.12KP 
Outside 82.3 76.2 12.5 952.5 94.7 
Median 92.8 85.6 18.4 1575.0 97.1 
Middle 107.1 100.2 16.9 1693.4 99.3 
20.90KP 
Outside 84.1 73.0 11.9 868.7 81.5 
Median 95.2 82.1 17.9 1469.6 73.9 
Middle 108.7 97.5 17.0 1657.5 77.2 
20.32KP 
Outside 80.2 70.6 11.5 811.9 94.6 
Median 91.7 82.5 16.3 1344.8 86.3 
Middle 103.1 93.0 16.3 1515.9 92.5 
 
 
 
 
 
(a) 25.20 KP                                   (b) 23.12 KP                                    (c) 20.90 KP                                     (d) 20.32 KP 
Fig. 13 Comparisons between observations and estimations of lane-flow distribution. 
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Table 4 Parameters of lane choice. 
Sites 25.20KP 23.12KP 20.90KP 20.32KP 
α1 0 0 0 0 
α2 0.0134 0.0120 0.0122 0.0133 
α3 0.0179 0.0181 0.0185 0.0192 
β1 1 1 1 1 
β2 0.830 0.830 0.828 0.830 
β3 0.802 0.809 0.807 0.800 
 
6.3. Discussions 
In this section, we discuss the characteristics of lane use along the sag section on the basis of the estimated lane-
choice parameters. Fig. 14 (a) shows the comparisons of the estimated parameter, α, indicating the degree of 
compliance with the keep-left rule. If the average speed of each lane is high, the second term of Eq. (1) becomes 
lower, and the influence of the parameter of lane choice becomes relatively higher; i.e., the parameter α has more 
influence in light traffic situations. A higher value of this lane parameter relates to increased cost to drive in the lane. 
According to Fig. 14(a), the value of the median lane was larger than that of the middle lane for any site, which 
implies that the median lane is not likely to be chosen when traffic volume is lower. Focusing on the differences 
among the observation sites, it is apparent that at 25.20 KP, which is the beginning of the downhill section, the 
parameter of the middle lane was higher than that at 23.12 KP, which is the middle point of the downhill section. 
This result indicates that in light traffic conditions, the fraction of use for the outside lane at 25.20 KP was larger 
and gradually shifted to the middle lane toward the middle point of the downhill section at 23.12 KP. At the bottom 
of the sag at 20.90 KP, the value of the median lane was slightly higher than that at 23.12 KP, whereas that of the 
middle lane was nearly the same. At the uphill section of 20.32 KP, the value of the middle lane became higher, as 
did the median lane. These facts indicate that in the case of light traffic, in the downhill section, where free-flow 
speed tends to be high, the proportion of the middle lane becomes high, whereas on the bottom and uphill section, 
where free-flow speed gradually decreases, the proportion of lane use shifts to the outside lane. This tendency is 
shown in Fig. 13.  
Fig. 14(b) shows the comparison results of the sensitivity parameter to travel time, β. This parameter can be 
interpreted such that a larger parameter relates to lower chances for the lane to be chosen as traffic becomes 
congested. Interestingly, notably, all of the estimates shown in Fig. 14 (b) are less than 1.0, which corresponds to the 
parameter of the outside lane. Thus, the outside lane is less likely chosen over the other lanes when traffic volume is 
high. Moreover, the parameters of the median lanes were less than those of the middle lanes at any site, which 
indicates that the dominant lane shifted from the outside to the middle to the median as traffic volume increased. 
These results appear to be valid. Next, the estimation results were compared among the observation sites. As shown 
in the figure, the sensitivity of the median lanes at 23.12 KP (at the middle of the downhill) and 20.90 KP (at the 
bottom of the sag) was higher than that at the other sites, whereas no large differences in the sensitivity of the 
middle lanes among the observation sites were detected. These results indicate that on the section from the midpoint 
of the long downhill to the bottom of the sag, drivers tended to use the median lane less in comparison with the 
bottleneck point at 20.32 KP. In addition, the fact that the parameter on the middle lane at 20.90 KP was slightly less 
than that at other sites implies that the middle lane tended to be used more at the bottom of the sag traffic flow. The 
underlying mechanism inducing such results can be explained as follows: on the long downhill section, the traveling 
speed on average was high enough for the drivers to be strongly motivated to use the median lane, and they chose to 
drive more often in the middle lane. When the traffic flow reached the uphill section, the average driving speed 
slowed, and drivers in the middle lane attempted to change to the median lane to increase their speed. As pointed out 
by Patire and Cassidy (2011), the lateral traffic dynamics beyond lanes may cause speed disturbance, which could 
make 20.32 KP a bottleneck. Although these findings have not been confirmed by direct observations on lane 
change behavior, it is revealed that the proposed method can be applied to understand the characteristics of lane use 
from a macroscopic perspective.  
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(a) Parameters of keep-left term           (b) Parameters of sensitivity to travel time 
Fig. 14 Comparisons of estimated parameter values 
 
7. Conclusions 
In this study, a multilane first-order macroscopic traffic flow model is developed, in which it is assumed that a 
driver changes a lane to improve the utility or cost of driving circumstances. The utility/cost function is composed 
by a constant value, indicating the cost to break the keep-left rule; a coefficient of the inverse of the speed defined 
by the fundamental diagram, indicating the sensitivity to the increase of the travel time; and an error term, implying 
the heterogeneity of drivers and the limitation of the information on the surrounding traffic conditions. Then, the 
parameters on the cost function are successfully calibrated on the basis of the data collected from the conventional 
loop detectors. Moreover, on the basis of the estimated parameters, the multilane traffic dynamics of a section 
including sag is discussed. As a result of the parameter calibration using the data collected at four different sites of 
Chugoku expressway in Japan, including the sag bottleneck, the following is revealed: The proposed method can 
represent the lane-flow distribution of any observation site with high accuracy, and the estimated parameters can 
reasonably explain the multilane traffic dynamics and the bottleneck phenomena for an uphill sag section.  
In this study, the parameters of the cost function for lane choices are limitedly calibrated. Although these 
parameters are significant for representing lane-flow distribution, they are ineffective for capturing the static 
characteristics of lane use. To depict the occurrence of lane changes, it is essential to calibrate the dynamics 
parameter, τ, which adjusts the number of vehicles changing lanes. For this purpose, a dynamic feedback system 
employing a Kalman filter family method would be applicable. In addition, it is recommended to upgrade the 
multilane traffic flow model to depict, for example, mandatory lane changes at sections with on and off ramps to 
represent merging and diverging. A possible approach would be the application of a multiclass approach (e.g. van 
Lint et al. (2008)), where it is assumed that there are heterogeneous vehicle classes in the decision process of 
changing the lane; ones change the lane to improve driving conditions, and the others change the lane to head 
toward their destination (e.g. off ramps). The ratio of them could be exogenously given according to dynamic OD 
matrix. Or, it could be dynamically calibrated by applying a feedback approach on the basis of online data.  
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Appendix A. Proof for [P-1]  
Let L(k, λ) denotes the Lagrangean as 
L k, λ( ) = ci ω( )dω0
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where λ  denotes a Lagrange multiplier, then K.K.T. condition of [P-1] is written as 
kl
∂L
∂kl
= 0 and
∂L
∂kl
> 0, ∀l a1( )
K = ki
i
∑ a2( )
kl ≥ 0, ∀l a3( )
⎧
⎨
⎪
⎪
⎪
⎩
⎪
⎪
⎪
 
Suppose kl > 0, the following equation should be satisfied at the optimum.  
∂L
∂kl
= cl kl
*( )+ 1θ 1+ ln
kl
*
K
⎛
⎝
⎜
⎞
⎠
⎟ − λ = 0 , 
which turns 
kl
*
K
= exp −θ ⋅ cl kl*( )⎡⎣ ⎤⎦⋅ exp λθ −1[ ] .   (a4) 
According to Eq. (a2), Eq.(a4) can be transformed to  
kl
*
K
=
exp −θ ⋅ cl kl*( )⎡⎣ ⎤⎦
exp −θ ⋅ cl kl*( )⎡⎣ ⎤⎦
i
∑
, 
which corresponds to Eq. (2).  
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